Given a ring (associative with identity) there is no general procedure known which relates right and left -modules to each other. However it is reasonable to ask for such a relation at least for certain classes of modules. Let us mention three properties which one might expect if one assigns to a right (left) -module M a left (right) -module DM.
only if it induces a monomorphism ' DM. The module DM is again simply re exive and satis es DDM = M. This has been shown in 8]. However, we include a short proof at the end of this note. We point out that M is simply re exive if and only if it is re exive in the sense of Herzog 6] and that DM coincides with the dual of M in the sense of Herzog 6] . The following result describes an essential property of the module DM. Theorem Let ? be a ring and suppose that M is a -?-bimodule. Suppose also that I is an injective cogenerator for Mod(?). Then DM is isomorphic to a direct summand of the op -module Hom ? (M; I).
To formulate an axiomatic description of the module DM we denote by Ref( ) the isomorphism classes of indecomposable pure-injective -modules which are simply re exive.
Corollary The assignment M Remark 1 An assignment between right and left -modules satisfying (D1) { (D3) is only possible for pure-injective modules. This follows from Lemma 4 below. Note that is a ring of nite representation type i every right or left -module is pure-injective. In this case every -module is a coproduct of indecomposable modules and every indecomposable module is simply re exive. Remark 2 Let M be an indecomposable -module with ? = End (M) op .
(1) If M is -pure-injective, i.e.`I M is pure-injective for any set I, then M is simply re exive 6, 8] . In particular if is a k-algebra over a commutative noetherian ring k, then M is simply re exive if M is of nite length over k. However there are usually simply re exive -modules which are not nitely generated. Remark 3 It would be interesting to know for which class of rings every indecomposable pure-injective module is simply re exive. Note that there are rings with this property which are not of nite representation type. Take for instance a Dedekind domain. An example of similar nature is a nite dimensional hereditary algebra which is tame. In fact an indecomposable pure-injective -module M which is not nitely generated, is either a socalled Pr ufer module, a p-adic module or M is endo nite and, up to isomorphism, uniquely determined by this property 10].
To give the proofs of the various assertions we need to recall some background material. Denote by D( ) = (mod( op ); Ab) the category of additive functors from the category of nitely presented op -modules to the category of abelian groups. The full subcategory of nitely presented functors is abelian and is denoted by C( ). The fully faithful functor
will play an important role in our considerations. We refer to 3] for its basic properties. Proof of the theorem: Let M be simply re exive and suppose that M is a -?-bimodule. Also let I be an injective cogenerator for Mod(?). The module DM is purely opposed to M and therefore purely equivalent to Hom ? (M; I) by Lemma 5. It follows from Lemma 7 that DM is isomorphic to a direct summand of Hom ? (M; I). Thus the proof is complete.
Proof of the corollary: It follows from the proposition and the theorem that M 7 ! DM satis es (D1) { (D3). Suppose now that X is a class of -modules and that Y is a class of op The rst equality follows from Lemma 5 and Lemma 6; the last equality follows from (D1). It is not hard to check that M and N are purely opposed. Finally, the uniqueness of N follows from the fact that an injective envelope of q(d(U)) is unique up to isomorphism. Thus DM = N.
